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the Isothermal Atmosphere 
• Hydrostatic equilibrium:

• Must satisfy 𝐹⃗𝐹𝑛𝑛𝑛𝑛𝑛𝑛 = 𝑚𝑚𝑎⃗𝑎 = 0 for a static fluid element
• Forces: Gravity downward & pressure inward from all sides

• Non-vertical pressure forces cancel
• Vertical forces cancel: 𝐹𝐹pressure,up = 𝐹𝐹pressure,down + 𝐹𝐹gravity

• 𝐹𝐹pressure = 𝑃𝑃 � 𝐴𝐴
• 𝐴𝐴 𝑃𝑃up − 𝑃𝑃down = 𝐹𝐹𝑔𝑔 = 𝑚𝑚𝑚𝑚 = 𝜌𝜌𝜌𝜌𝜌𝜌 = 𝜌𝜌Δ𝑥𝑥𝑥𝑥𝑥𝑥
• −Δ𝑃𝑃

Δ𝑥𝑥
= 𝜌𝜌𝜌𝜌 ⟶ 𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅
= −𝝆𝝆𝝆𝝆(𝒓𝒓)

• Equation of state:
• 𝑃𝑃𝑃𝑃 = 𝑁𝑁𝑘𝑘𝐵𝐵𝑇𝑇 ⟶ 𝑃𝑃 = 𝑁𝑁

𝑉𝑉
𝑘𝑘𝐵𝐵𝑇𝑇 = 𝑘𝑘𝐵𝐵

𝜇𝜇𝑚𝑚𝑢𝑢
𝜌𝜌𝜌𝜌 ⟶ 𝜌𝜌 = 𝜇𝜇𝑚𝑚𝑢𝑢

𝑘𝑘𝐵𝐵𝑇𝑇
𝑃𝑃

• Substitute 𝜌𝜌 𝑃𝑃 into hydrostatic equilibrium equation and solve:
• 𝑃𝑃 𝑟𝑟 = 𝑃𝑃refexp −𝑟𝑟/𝐻𝐻𝑃𝑃 , where 𝐻𝐻𝑃𝑃 is the pressure scale height

This is the “barometric formula”

𝐹𝐹up = 𝑃𝑃up𝐴𝐴

𝐹𝐹down = 𝑃𝑃down𝐴𝐴

𝐹𝐹𝑔𝑔

𝑚𝑚𝑔𝑔



the Isothermal Atmosphere 
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Atmosphere Composition (for 𝜇𝜇)

Ben Brockert

Pro-solar abundances calculated from Lodders ApJ 2003

~92.0% hydrogen (by fraction of nuclei)
~7.8% helium
~0.1% oxygen
~0.0000000001% uranium

• Venus: ~97% CO2, ~3% N2
• Mars: ~96% CO2, ~2% Ar, ~2% N2
• Jupiter: ~90% H2, ~10% He
• Saturn: ~96% H2, ~4% He
• Uranus: ~83% H2, ~15% He, ~2% CH4
• Neptune: ~80% H2, ~20% He
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